
A rapid and meshless analytical model of acoustofluidic
pressure fields for waveguide design

Richard O’Rorke,1 David Collins,1,2,3 and Ye Ai1,a)

1Pillar of Engineering Product Development, Singapore University of Technology
and Design, 8 Somapah Road, Singapore, 487372
2Department of Electrical Engineering and Computer Science, Massachusetts Institute
of Technology, Cambridge, Massachusetts 02139, USA
3Department of Biological Engineering, Massachusetts Institute of Technology, Cambridge,
Massachusetts 02139, USA

(Received 1 January 2018; accepted 23 February 2018; published online 6 March 2018)

Acoustofluidics has a strong pedigree in microscale manipulation, with particle and

cell separation and patterning arising from acoustic pressure gradients. Acoustic

waveguides are a promising candidate for localizing force fields in microfluidic

devices, for which computational modelling is an important design tool. Meshed

finite element analysis is a popular approach for this, yet its computation time

increases rapidly when complex geometries are used, limiting its usefulness. Here,

we present an analytical model of the acoustic pressure field in a microchannel

arising from a surface acoustic wave (SAW) boundary condition that computes in

milliseconds and provide the simulation code in the supplementary material. Unlike

finite element analysis, the computation time of our model is independent of

microchannel or waveguide shape, making it ideal for designing and optimising

microscale waveguide structures. We provide experimental validation of our model

with cases including near-field acoustic patterning of microparticles from a travelling

SAW and two-dimensional patterning from a standing SAW and explore the design

of waveguides for localised particle or cell capture. Published by AIP Publishing.
https://doi.org/10.1063/1.5021117

I. INTRODUCTION

Non-contact cell manipulation in microchannels is a central component of on-chip systems

for medical diagnostics1–3 and autologous cell therapies,4 inter alia. Of the current non-contact

techniques available (including optical tweezers,5,6 dielectrophoresis,7–9 magnetophoresis,10,11

and hydrodynamics12–14), acoustofluidics offers a promising combination of versatility and bio-

compatibility. There are many examples of cell and microparticle manipulation using standing

acoustic waves generated in resonating microchannels,15–20 standing21–26 and travelling27–29 sur-

face acoustic waves (SAWs) coupled from an underlying substrate, and secondary acoustic

forces generated near oscillating bubbles.30–33

A common disadvantage of these examples is the pervasiveness of the acoustic field.

Collins et al. recently demonstrated one-cell-per-well 2D patterning, where red blood cells and

lymphocytes were patterned in a grid within a fluidic channel;34 such ubiquitous patterning is

useful in many cases, but localised acoustic fields are beneficial for single cell manipulation

and arrangement of cell ensembles. Several strategies exist for localising and shaping acoustic

fields, including focused,35–37 pulsed,23 and non-coherent SAWs,38 holographic39–41 and meta-

material42,43 structures, and waveguides.43,44 Whereas holographic structures seek to shape an

acoustic field via phase modulation, waveguides modulate amplitude by generating regions that

are either acoustically active or inactive. Furthermore, the application of acoustic holograms is
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limited by the dimensions of the phase-modifying elements, which set an upper limit in the use-

able frequency range (several MHz for 3D-printed holograms in water39). Microfabrication is

not a feasible approach for holograms owing to the use of thickness variations to generate phase

shifts. Planar waveguides, on the other hand, can be readily microfabricated, potentially on the

underside of disposable fluidic chips,27 offering the possibility of higher spatial resolution

patterns.

Designing waveguides to produce a desired acoustic field is a challenge that can be met in

one of two ways: extensive experimental trial-and-error or computational modelling. Finite ele-

ment method (FEM) analysis is typically used for acoustofluidic simulations;44–51 however, its

computation time can range from seconds to hours depending on the complexity and computa-

tional resources available. These timescales limit the usefulness of FEM for design optimisa-

tion, which may require thousands of iterations. A rapid and mesh-free analytical model will be

a valuable design tool for customised acoustic waveguides. Such tools have been developed for

phase modulation,39 where a pixel grid of phase shifts is calculated at a source plane (i.e., a

hologram) that produces a desired amplitude profile in a distant image plane; the field at the

hologram is propagated to the image plane using the angular spectrum method.52 However,

tools for designing amplitude modulation (i.e., binary waveguides) are less well developed.

Here, we present an analytical model of a pressure field at an image plane for a given

acoustic source and waveguide/channel geometries (for the full code, please see supplementary

material). Our model is based on the Huygens-Fresnel principle that any point on a plane wave

is a point source of spherical waves (illustrated in Fig. 1). By treating every point on the sub-

strate/fluid interface as a point source, the pressure at any point in the liquid is the sum of

spherical waves at that point. This simplistic approach avoids the use of perturbation theory,53

does not require consideration of the liquid between the source and image planes, and the lack

of meshing allows us to model complex features with minimal impact on computation time.

FIG. 1. Conceptual illustration of (a) spherical waves generated at a point source (*) on a SAW device propagating towards

an image plane. (b) An example waveguide (white regions are acoustically active). (c) An illustration of the pressure field,

hPi, in a PDMS channel arising from a standing SAW coupled through the waveguide in (b) and an enlarged image of the

pressure field in (c). Both (b) and (d) measure 15 kSAW� 15 kSAW.
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We explore this concept in detail using the specific example of near-field particle patterning by

travelling SAWs54 and standing SAWs. We then explore a range of waveguide designs using

our model and make comparison with recently published results.44

II. DETAILS OF THE ANALYTICAL MODEL

A. Concept of model

The pressure in a liquid channel is defined as the sum of spherical waves arising from per-

turbations at the liquid/substrate interface (source plane) in the XY plane, as illustrated in Fig.

1(a). The pressure is found at an image plane in XY, which can be scanned through the height

of the channel (Z) to build a 3D pressure map. The source and image planes are discretised into

pixel grids, where each pixel in the source plane is a point source of spherical waves. Given

the ubiquitous use of polydimethylsiloxane (PDMS) microchannels with SAW devices, we

assume a PDMS channel here. The comparable acoustic impedances of PDMS and water give

rise to a reflected wave with only 4% of the incident amplitude,36 so reflections are ignored

here in the interest of simplicity.

B. Boundary condition (BC)

We consider the surface normal component of the substrate velocity as the boundary condi-

tion (BC) for acoustic coupling into the liquid; for a standing SAW beneath a liquid channel on

128-YX lithium niobate, this has been reported previously45 and is given (in the frequency

domain) by

BC ¼ xd0 e�Cd
W
2
�xð Þei �k W

2
�xð Þþx½ � þ e�Cd

W
2
þxð Þei k W

2
�xð Þþx½ �

� �
; (1)

where x is the angular frequency, k is the wave number, W is the liquid channel length in X,

d0 is the displacement amplitude (set to unity), and Cd¼ 2063 m�1 is the decay coefficient

given in Ref. 45. The time parameter is omitted as the solution is found in the frequency

domain, from which a time-averaged solution is calculated. The two terms in parenthesis repre-

sent forward and backward propagating travelling waves, so travelling wave boundary condi-

tions can be applied by removing the counter-propagating term in Eq. (1). The waveguide is

defined as a binary, black-and-white image (white for acoustically active regions), which is

used to set the BC to zero outside of the active region.

C. Spherical wave propagation

The dimensionless spherical wave function (SWF) defines the spatial periodicity of a spher-

ical pressure wave in a liquid and is given by

SWF ¼ Rþ 1ð Þ�1
e
�ixR

vl ; (2)

where vl is the acoustic velocity in the liquid and R is the distance from a spherical wave point

source. The inverse-square relationship between the intensity and the distance means that the

pressure amplitude decays linearly with R, which we replace with Rþ 1 to normalise the SWF

to unity at the interface (where R¼ 0).

D. Pressure calculation

The pressure field is obtained via a convolution of Eqs. (1) and (2); in other words, the

pressure at any point is the sum of all spherical waves emanating from the boundary. The simu-

lation process is outlined in Fig. 2. First, the waveguide and channel geometries are defined as

separate binary, black-and-white images; white regions correspond to acoustically active regions

in the waveguide and liquid regions in the microchannel. The waveguide and channel geome-

tries can differ, as we show later. Next, the SWF is defined, which is twice the size of the
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simulation domain, with R¼ 0 at the centre, as shown in Fig. 2. The BC is then zero-padded to

the size of the SWF, and the two are convolved via multiplication in frequency space to give

the pressure in the liquid regions of the microchannel, i.e.,

P ¼ ½SWF �BC�: (3)

This approach is analogous to wave propagation using the angular spectrum method.52 Finally,

the time-averaged pressure amplitude, hPi, is given by

Ph i ¼ 0:5
ffiffiffiffiffiffiffiffiffiffiffiffiffi
P� �Pð Þ

p
; (4)

where �P is the complex conjugate of P. By calculating the pressure field in successive XY
planes, we construct a 3D map of the pressure field, from which we can visualise ZX and YX
slices.

III. MATERIALS AND METHODS

A. SAW device fabrication

Interdigital transducers (IDTs), composed of 150 nm aluminium (conductive) and 10 nm

chromium (adhesion) layers, were patterned on a piezoelectric 128� Y-cut, X-propagating lith-

ium niobate (LiNbO3) substrate, with the entire surface overlaid with a 400 nm SiO2 passivation

layer. These IDTs, with the pitch equal to kSAW, were oriented such that the SAW propagated

in the preferred (high coupling coefficient) X direction. The distance between periodic features

in each IDT determines the resonant frequency and the resultant SAW wavelength. IDTs

with kSAW¼ 80 lm and kSAW¼ 40 lm were used here, where a signal generator (Tektronix

AFG3102C) applied the appropriate frequency for each wavelength (49 MHz and 96 MHz,

respectively).

FIG. 2. Outline of the analytical model: a waveguide geometry defines the acoustic source area for the boundary condition,

which is convolved with a SWF to give the pressure field, hPi, in the region defined by the channel geometry. In this exam-

ple, the boundary condition is a standing SAW in X.
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B. Microfluidic device

Channel features were defined via conventional soft-lithography in PDMS and were bonded

to the SAW device after exposing both surfaces to an air plasma (Harrick Plasma PDC-32G;

1000 mTorr, 18 W). Each channel design incorporated an air chamber over the IDTs to mini-

mize SAW attenuation, with only a 50-lm-wide PDMS wall defining the channel boundaries.

Similar attenuation-minimising device setups have been demonstrated elsewhere.23,55–57

Fluorescent particles, with a diameter of either 1 lm or 2 lm, were mixed in a 0.2% v/v

solution to visualize the acoustic field. Larger 2 lm particles were used to observe the weaker

force gradients in the lateral (Y) direction in Fig. 5(a), as the acoustic force scales with the

cube of the particle diameter when it is substantially smaller than the acoustic wave-

length.28,35,58 Either zero or low flow (0.1 ll/min) conditions [Figs. 4(a) and 5(a), respectively]

were used.

C. Computational modelling

The analytical modelling, Eqs. (1)–(4), was performed using MATLAB (R2017a) on a Dell

Latitude laptop with an Intel Core i5 Dual Core 2.4 GHz processor and 8 GB RAM. As a

benchmark comparison, FEM modelling was performed using COMSOL Multiphysics (V5.0)

on a Dell Precision T1650 workstation with two Intel Xeon Quad Core 3.5 GHz processors and

32 GB RAM.

FEM analysis was used to find the pressure field in a water-filled channel for two different

boundary conditions. In the first case, a travelling SAW (kSAW¼ 40 lm) was applied to a chan-

nel measuring 8 kSAW� 7 kSAW� 20 lm in X, Y, and Z. In the second case, a standing SAW

(kSAW¼ 80 lm) was applied to a channel measuring 20 kSAW� 2 kSAW� 20 lm in X, Y, and Z.

In both cases, a water impedance boundary condition was applied to all boundaries (except at

the acoustic source) to ensure no reflections. A free tetrahedral mesh was used with six mesh

elements per kSAW, following a mesh convergence study (data not shown) according to Ref. 48.

IV. RESULTS AND DISCUSSION

A. Convergence analysis

Convergence was determined using a test channel geometry measuring 2 kSAW in both X
and Y subjected to a travelling SAW propagating in X. For each pixel resolution, n, a conver-

gence parameter, C, was defined as the fractional change in pressure in the Y direction (at the

first pressure node in X), relative to the highest pixel resolution (n¼ 50 pixels per kSAW)

C nð Þ ¼ DP nð Þ
Pmax nð Þ

� �
Pmax n ¼ 50ð Þ
DP n ¼ 50ð Þ

 !
: (5)

The computation time and C are plotted in Fig. 3(a). The simulation is converged at a resolu-

tion of 30 pixels per kSAW, as a further increase in resolution yields DC < 10�3. The effect of

simulation size on computation time is plotted in Fig. 3(b); the computation time ranged from

several–tens of milliseconds for channel areas from 4–100 kSAW
2.

B. Experimental validation

Devendran et al. recently demonstrated stable particle patterning extending several wave-

lengths from the channel wall under the action of a travelling SAW.54 These patterns arose

from the interaction of plane waves coupled from the SAW with spherical waves emanating

from the channel wall. We use this near-field acoustic patterning as an exemplar to show that

our analytical model can accurately predict the observed particle patterns faster than equivalent

FEM analysis.

A bright-field micrograph of 2-lm-diameter beads aligned adjacent to a PDMS wall using

a travelling SAW (kSAW¼ 40 lm) is shown in Fig. 4(a) (Multimedia view). This SAW
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wavelength corresponds to a fluid wavelength kf¼ 15.3 lm. Under SAW excitation, particles

form lines parallel to the channel wall, which further coalesce laterally into clusters to form a

two-dimensional pattern with no observable acoustic streaming effects (Video 1 in the supple-

mentary material); this lateral periodicity is a result of the Huygens-Fresnel principle applied to

a finite transducer aperture. The clusters in adjacent lines are not aligned because of the varying

flow profile across the channel, and a non-uniform particle distribution prior to alignment

resulted in smaller particle clusters close to the channel wall. The periodicities in the X and Y
directions were obtained from Fig. 4(a) using Image J and are given in Table I. An equivalent

channel geometry measuring 360 lm (8 kSAW)� 280 lm (7 kSAW)� 20 lm in X, Y, and Z was

simulated using our analytical model and finite element analysis, for which pressure fields are

plotted in the XY and XZ planes in Figs. 4(b) and 4(c). The pressures in the XY planes were

evaluated 5 lm above the substrate, coinciding with the location of pressure nodes in the XZ
plane. Particles are expected to coalesce at local pressure minima, and the simulated pressure

fields show excellent qualitative agreement with the observed particle patterns. The periodicities

in X and Y are given in Table I for both models and are consistent with experimentally

FIG. 3. (a) Plots of computation time (squares) and convergence parameter, C, (circles) vs resolution for a 2� 2k simula-

tion area; insets show the pressure field for 4, 10, 30, and 50 pixels per k as examples. (b) Plots of computation time as a

function of the simulation area at a converged resolution of 30 px per k; insets show example normalised pressure fields,

hPi, for square simulation domains measuring 2� 2, 5� 5, 10� 10, and 20� 20k, corresponding to areas of 4, 25, 100 and

400 k2, respectively.
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determined values. Remarkably, on the same workstation (Dell Precision T1650), our analytical

model (with 30 pixels per kSAW) obtained the 2D solution 658-times faster than FEM (with 6

elements per kSAW) and the 3D solution 177-times faster.

Next, we consider the near-field effect arising from a standing SAW in X (kSAW¼ 80 lm)

when a liquid is confined within a channel measuring 1700 lm (21.25 kSAW) in X and 160 lm

(2 kSAW) in Y. The corresponding liquid wavelength is kf¼ 30.5 lm. Fluorescent, 1-lm-diameter

beads were expelled from pressure anti-nodes to form the 2D grid shown in Fig. 5(a), for which

FIG. 4. (a) Experimental image of near-field particle alignment adjacent to a PDMS wall under the action of a travelling

SAW in X (Multimedia view). Simulated normalised pressure fields, hPi, in the XY and XZ planes of an equivalent liquid

channel (measuring 8 kSAW in X, 7 kSAW in Y, and 20 lm in Z; scale bars are one acoustic wavelength) are obtained using

(b) our spherical wave model (SWM) and (c) FEM. Simulation results are shown in the XY plane at a height of 5 lm above

the substrate, corresponding to the height of pressure nodes in the channel. The spacings between adjacent nodes are plotted

in (d). Multimedia view: https://doi.org/10.1063/1.5021117.1

TABLE I. Periodicities in X and Y, determined from intensity profiles in Figs. 4 and 5 for travelling and standing wave

boundary conditions.

Boundary condition Orientation Experimental periodicity SWM periodicity FEM periodicity

Travelling wave X (26.5 6 3.3) lm (25.6 6 2.2) lm (26.0 6 2.4) lm

(0.66 6 0.08) kSAW (0.64 6 0.06) kSAW (0.65 6 0.06) kSAW

Y (16.2 6 0.4) lm (17.2 6 0.2) lm (17.6 6 0.8) lm

(0.40 6 0.01) kSAW (0.43 6 0.01) kSAW (0.44 6 0.02) kSAW

Standing wave X (41.6 6 1.8) lm (39 6 8) lm (40 6 3) lm

(0.52 6 0.02) kSAW (0.5 6 0.1) kSAW (0.51 6 0.04) kSAW

Y (39 6 3) lm (40 6 4) lm (35.2 6 0.8) lm

(0.49 6 0.04) kSAW (0.50 6 0.06) kSAW (0.44 6 0.01) kSAW
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periodicities in X and Y are given in Table I. An equivalent liquid channel measuring 1600 lm

(20 kSAW)� 160 lm (2 kSAW)� 20 lm in X, Y, and Z was simulated using our analytical model

and finite element analysis. The simulated pressure fields in XY and XZ are plotted in Figs. 5(b)

and 5(c); the XY plane was evaluated 15 lm above the surface to give a clear view of the spa-

tial variation is pressure, as the pressure nodes extended throughout the channel height.

Periodicities in the X and Y directions are given for both models in Table I and again agree

very well with the observed particle patterning. On the same workstation (Dell Precision

T1650), our analytical model (with 30 pixels per kSAW) obtained the 2D solution 259-times

faster than FEM (with 6 elements per kSAW) and the 3D solution 61-times faster.

C. Waveguide design

To demonstrate the versatility of our model, a moderately complex channel geometry was

chosen (a cylindrical chamber in a rectangular channel) and simulated for a standing SAW in X
with four different acoustic source areas: the entire channel geometry, a rectangular waveguide

FIG. 5. (a) Experimental image of microbead alignment in a confined microchannel (channel width¼ 2 kSAW) under the

action of a standing SAW in X. Simulated normalised pressure fields, hPi, are shown in the XY and XZ planes (for the left

half of the channel in the XY plane) of an equivalent liquid channel (measuring 20kSAW in X, 2kSAW in Y, and 20 lm in Z;

scale bars are one acoustic wavelength) obtained using (b) the spherical wave model and (c) finite element analysis.

Simulation results are shown in the XY plane at a height of 15 lm above the substrate, corresponding to the height of pres-

sure nodes in the channel. The spacings between adjacent nodes in X and Y are plotted in (d) and (e).
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beneath the main rectangular channel, a 3-kSAW-diameter circular waveguide in the centre of

the channel, and a torus waveguide with an outer diameter equal to 3 kSAW and an inner diame-

ter equal to 1.5 kSAW. The increasing design complexity of these examples did not affect the

computation time; the only demand of increasing complexity is a sufficient pixel size to ade-

quately resolve the geometry. Pressure fields in the XY, YZ, and XZ planes are shown in Fig. 6.

Finally, we model cylindrical waveguides with diameter / and centred on a standing SAW

node, with comparable conditions to experimental and FEM results reported elsewhere.44 In a

physical system, these can be realized using a channel-based pillar element that couples sub-

strate vibrations into the liquid domain.27,59,60 These waveguides are important because they

permit highly localized actuation in channel sub-elements and are a promising avenue for selec-

tive cell and particle manipulation. Pressure fields in the XY, XZ, and YZ planes are given in

Figs. 7(a)–7(c) for waveguide diameters, /, of 0.5 kSAW, kSAW, and 2 kSAW. The locations of XY
and ZX slices are indicated by dotted white lines, and the waveguides are outlined with a solid

white line in the XY plane. In all cases, the periodicity of the standing SAW is evident in

the resulting pressure nodes separated in X. Additionally, a lateral periodicity is evident for

/ > kSAW owing to the near field effect at the edge of the waveguide, which gives rise to

increasingly complex pressure fields as the diameter increases. These results are consistent with

previous FEM simulations and particle alignment experiments.44

As a final highlight of the advantage of our model, the above waveguides were replaced

with hollow cylinders with an inner diameter equal to half the outer diameter, for which pres-

sure fields are shown in Figs. 7(d)–7(f). Not surprisingly, features much smaller than kSAW have

a negligible effect on the resulting pressure field; however, at larger feature sizes, small varia-

tions in waveguide geometry profoundly affect the pressure field and highlight the need

for careful design of waveguides for shaping acoustic fields. Based on these results, toroidal

FIG. 6. Simulated normalised pressure fields, hPi, in the XY, XZ, and YZ planes in a micro-reactor channel layout for a

standing SAW in X, with acoustic coupling: (a) across the entire channel, (b) through a rectangular waveguide, (c) through

a circular waveguide, and (d) through a torus waveguide. Solid white lines indicate the waveguide geometry, dotted white

lines indicate the locations of the XY, XZ, and ZX slices, and the scale bars are one acoustic wavelength, k ¼ 60 lm.
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waveguide structures, specifically those with internal diameters on the order of kSAW or larger,

are promising candidates for localized microfluidic trapping and patterning activities.

V. CONCLUSION

Here, we present a rapid and meshless analytical model of the pressure field in a liquid

channel based on the principle of spherical wave propagation. This model provides qualitative

field analysis for arbitrary fluidic channel and waveguide geometries. Showing the versatility of

this model, we recover not only the expected conventional 0.5 kSAW standing wave periodicity

but also recently reported near-field evanescent patterning.35 The simulated pressure fields show

FIG. 7. Simulated normalised pressure fields, hPi, in the XY, XZ, and YZ planes for a 1D (horizontal) standing SAW cou-

pled through cylindrical waveguides with diameters of (a) 2kSAW, (b) kSAW, and (c) 0.5kSAW. The liquid channel measures

3k in X and Y and 20 lm in Z, and scale bars are one acoustic wavelength, k ¼ 60 lm. A torus waveguide was used in (d-f)

with an inner diameter equal to half the outer diameter. The waveguide geometry is highlighted by a solid white line, and

the locations of the planes evaluated are indicated with dotted white lines.
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excellent qualitative and quantitative agreement with near-field patterning using both travelling

and standing SAWs. Furthermore, our model vastly out-performed equivalent FEM simulations,

offering several orders-of-magnitude faster computation times owing, in part, to the need for

more elements in the FEM model than pixels in our analytical model to obtain convergence.

Importantly, choosing a sufficient Z resolution (i.e., enough XY slices to resolve field gradients

in the Z direction) allows comparable 3D field visualisation to FEM approaches, and, since full

phase information is retained, the time evolution of the fully developed acoustic field can be

animated. Whilst we simulate a SAW as the actuation method in this work, this model can also

be applied to bulk wave systems with appropriate boundary conditions.

This tool can readily model localised acoustic fields from waveguides, simply by defining

the source area from which spherical waves are emitted, without negatively affecting computa-

tion time. The resulting pressure fields are consistent with recently reported FEM and experi-

mental results of similar waveguides.44 Compared to meshed FEM simulations, our method

enables the modelling of pressure field distributions in milliseconds rather than minutes or

hours and without the need for complex and expensive modelling software. In the future, this

will also permit the implementation of a rapid iterative design process for refined acoustofluidic

manipulation.

SUPPLEMENTARY MATERIAL

See supplementary material for the full MATLAB code.
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